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ABSTRACT: We study the formation of marginally trapped surfaces in the head-on collision
of two shock waves in de Sitter space-time as a function of the cosmological constant and
the shock wave energy. We search for a marginally trapped surface on the past light cone
of the collision plane. For space-time dimensions D > 3, there exists a critical value of the
shock wave energy above which there is no trapped surface of this type. For D > 3, the
critical value of the shock wave energy depends on the de Sitter radius, and there is no this
type trapped surface formation for a large cosmological constant. For D = 3, the critical
value of the shock wave energy is independent of the cosmological constant. At the critical
point, the trapped surface is finite. Below the critical energy value, the area of the trapped
surface depends on the cosmological constant and the shock wave energy.
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1 Introduction

It is a well-established experimental fact that our current universe is expanding with con-
stant acceleration, which is well described by the extremely small cosmological constant
A = 10747 GeV*, Qp = 0.726 + 0.015 [1]. There is a common opinion that two ultrarel-
ativistic point particles in the Minkowski space-time can produce black holes [2—4]. This
longstanding question has a purely theoretical meaning as well as an astrophysical one [5].
In the framework of TeV-gravity [6], black hole production in collisions of particles with
the center-of-mass energy of a few TeV and their experimental signatures [7] became the
subject of numerous investigations [8-12]. We also note a discussion of the possible pro-
duction of wormholes and other more exotic objects at the LHC [13-15] (see [16] for a
consideration of wormholes in astrophysics).



Our main aim in this paper is to determine if the presence of a positive cosmological
constant can influence the processes of black hole formation in a collision of two ultrarel-
ativistic point particles. Intuitively, it is almost clear that a small cosmological constant
cannot have a detectible influence. Meanwhile, a positive cosmological constant generates
a repulsion of matter, and a critical value of the cosmological constant A should exist above
which black hole formation is suppressed. Finding this critical value is worthwhile. We
note that under the assumption of an asymptotically flat space-time, the presence of a
trapped surface usually guarantees the existence of the event horizon [17-20].

We study the formation of marginally trapped surfaces in a head-on collision of two
shock waves in the de Sitter space-time as a function of the cosmological constant and the
square of the shock wave energy. For D = 4, we show explicitly that there exists a critical
value for the ratio of the shock wave energy p and the cosmological radius

D 1

pilre (1.1)
above which there is no solution of the trapped surface equation. Here G is the gravitational
constant and the cosmological radius a is related to the cosmological constant by a? = 3/A.
Similar results were found for D > 4. There is a critical value for the shock wave energy
above which there are no solutions of the trapped surface equation. This value depends on
the cosmological radius. At the critical point, the trapped surface is finite.

This effect is similar to the emergence of critical behavior with respect to the wave
width in the transverse space when a marginally trapped surface is formed in the head-on
collision of two shock waves in the Minkowski space-time [21, 22]. This effect depends
on the number of dimensions and is a Choptuik-like critical effect, i.e., it is similar to the
critical Choptuik behavior in gravitational collapse [23] (see [24] and the references therein).

The formation of a marginally trapped surface in the collision of gravitational shock
waves in AdSp was recently studied in [25, 26]. These studies are aimed at better un-
derstanding the entropy production in relativistic heavy ion collisions due to black hole
production in a dual description. Despite the absence of a holographic dual description of
QCD, describing the colliding heavy ions in terms of colliding gravitational shock waves in
the anti-de Sitter space-time was suggested [27, 28]. Black hole formation in collisions of
the dual of the nuclei in the bulk is interpreted as formation of a quark-gluon plasma [29-
31]. In AdS, a dimension-dependent critical behavior with respect to the wave width in the
transverse space in the formation of a marginally trapped surface in the head-on collision of
two shock waves was recently found [21]. For D = 4 and D = 5, there exists a critical value
of this width above which the trapped surface never forms. We note that in the AdS space-
time, the obtained results are qualitatively the same as those obtained in the flat space-time.

This paper is organized as follows. We start with the setup and recall some basic
facts about the generalization of the Aichelburg-Sexl shock wave geometry [32-34] to non-
expanding shock waves propagating in D-dimensional space-times with the cosmological
constant [35-43]. In section 3, we calculate the critical value of cosmological constant de-
pending on the shock wave energy below which the trapped surface occurs and give the
area of the trapped surface.



2 Setup

Our main aim in this section is to present the setup for studying the formation of closed
trapped surfaces in the head-on collision of two shock waves in dS space (this may be
compared with the setup used to study the case without a cosmological constant in [11]
and the case with the negative cosmological constant in [21, 25, 43]).

We briefly recall the results in [35, 39, 42] for the geometry of a shock wave propagating
in the D-dimensional dS space-time (see appendix A). In terms of the dependent plane
coordinates, (u,v, ), ¥ = (x2,...,2"), satisfying —2uv + &> = a? (a is the cosmological
radius), the line element of the shock wave space-time is

ds* = —2dudv + dz? + F(Z)6(u)du?. (2.1)

The shock wave shape function F is a fundamental solution of the equation

D -2
(ASDQ + 22 > F = —16\/§WGDﬁ5(ﬂ,ﬂo), (2.2)

where Agp-2 is the Laplace-Beltrami operator on a (D—2)-dimensional sphere SP~2,
i = Z/|Z|, 7y is the location of the particle on the sphere, p is the energy of the shock
wave, and Gp is the D-dimensional gravitational constant. The v/2 in the right-hand side
results from our choice of the coordinate system (if we impose —du dv instead —2du dv in
the expression for the linear element, then it disappears). This metric is a solution of the
Einstein equations for an energy-momentum tensor with the single nonvanishing compo-
nent Ty, ~ pd(u). In the standard parameterization of the (D—2)-dimensional sphere by
spherical angles 9J1,...,9p_9, the shock wave shape function corresponding to an ultra-
relativistic point particle depends on only one spherical angle ¥p_5. The operator Agp-—»

acts on F'= F(9p_2) as

1.5 d . p_ d
ASD—2F = E Sll’l3 D(’lgD,Q) <d19D2 SlIlD 3(191)2)@) F(’lgD,Q) (23)

(see [37] regarding shock waves in dS/AdS with multipole structures).
For D = 4, we deal with

1+
F(6) =4vV2p (—2 +¢ln (ﬁ)) , (2.4)
where ¢ = 2% /a = cos¥2 and p = pGy is the rescaled energy.

We now consider a collision of two waves of the type described above. We suppose

that in the region {u < 0} U {v < 0}, i.e., the part of the space-time before the collision,
the metric is given by

ds* = —2dudv + d7? + F(€,&)0(u)du® + F(&,&)0(v)dv?, (2.5)

where &; and &, are the locations of the two colliding particles (see [35] for the explicit
formula for F(£,¢;)). In independent coordinates (see appendix C.1), the metric is
o —2dwdo +2d¢ d + 2H1 (¢, €) §(w)dw? + 2Hy (¢, ¢) §(o)do?

- 1~ (wo —¢()/2a?]? ’

ds (2.6)



where H;(¢,¢) = H((,(, G, G), G = ¢(&,&), and

. o1 1 1 —¢(/2a?
HGC0.0) = 1) = 5 (14 5020) F (e ). 2.7

A rigorous analysis of the formation of black holes in collisions would require solving
the Einstein equations in the interaction region {w > 0,0 > 0} (see, e.g., [4, 47] and the
references therein).

A sufficient condition for a black hole to form in the asymptotically flat case is the
existence of a marginally closed trapped surface at the hypersurface {w < 0,0 =0} U{w =
0,0 <0} [11, 25, 43-45]. We note that in non-asymptotically flat cases, there are no general
theorems, but there is a common opinion that the existence of a marginally trapped surface
can be used as an indication of black hole formation.

In the coordinates used in line element (2.6) null geodesics are discontinuous across
the wave fronts, w = 0 and 0 = 0 (see appendix C) . So using such coordinates to find
this trapped surface equation is inconvenient and can be avoided by switching to a new
coordinate system (W, ¥, Y, T) in which the delta function terms are eliminated in the
metric and the geodesics are continuous. Similar to the D’Eath and Payne coordinates [45],
which are closely related to the explicit form of geodesics in the Minkowski space-time with
the shock wave [33, 34], these coordinates are also closely related to the geodesics. This is a
reason for us to study geodesics in the dS space-time with the shock wave (see appendix B
for details and references).

In these coordinates the trapped surface that we seek has two parts, which are denoted
here by &1 and Ss in the respective regions > < 0 and W < 0. They are defined in terms
of the two functions ¥1(Y,T) and ¥5(Y,T) by

W - O, E = 07
81 : _ 82 : _ (28)
Y= -0 (T,7Y), W = —Uy(T, ),

with the additional boundary conditions at the shock wave intersection C C {W = ¥ = 0}
=0, (2.9)

and
ayxlflaf%(c — 1. (2.10)

Because 81 and Sy are in the respective regions W < 0 and ¥ < 0, we also have ¥y (7T, T) >
0 and Wo(T,Y) > 0.

The two functions ¥1(Y,Y) and ¥5(Y, T) must be determined by imposing the condi-
tion that the surface they define is marginally trapped [18, 46, 48], i.e., that the congruence
of outgoing null geodesics orthogonal to the surface has zero expansion.

The zero convergence equation for the D=4 case reduces to the equation (see ap-
pendix D)

<Agg + %) $12(T, ) =0, (2.11)



where
TY\?

is the Laplace-Beltrami operator in complex coordinates (see appendix D) and the func-
tions ¢1 2 are related to the functions Wy o defining the two halves of the trapped surface
and the shock wave shape functions Hj o (cf. similar equations in the AdS case [21, 25])

2V 90— Hio

912 = TN T 202

(2.13)

The next question to be discussed is whether a black hole forms as a result of the
head-on collision of two waves of the type described above. Head-on collisions preserve
rotational symmetry around the axis of motion of massless particles, the O(2)-symmetry
in D = 4. Because a head-on collision is O(2)-symmetric, the functions ¥ (Y,T) and
Uy(Y,T) describing the trapped surface are identical and depend on only the parameter
P2 ="TT: U(T,T) = Uy(Y,T) = W(p?).

3 Marginally trapped surface in dS

3.1 Solution of the marginally trapped surface equation in dS,

In the case ¢1(Y,T) = ¢2(Y,T) = ¢(p?), equation (2.11) is transformed into the ordinary

differential equation
2\2 /92
p 0°¢ 10¢ 4¢
< +2a2> <0p2+,0<9,0 Tzt (3.1)

The solutions of this equation are

A(p* — 2a*) + B((p* — 2a%) In p + 4a?)

= p? + 2a? ’

(3.2)

where A and B are constants. Because we are interested in a solution of a homogenous
equation without singularities, we take B = 0 and obtain the expression for the trapped
surface function in terms of the shape function H,

(v ) 0
and also in terms of the shape function F,
= (14 L) Flo) + 55 AR — 20) (3.4)
4 2a? 2a?
or, more explicitly,
T =1/2p <1 + 2'0—;) <—2 + % In (2/%2>> + %A(/ﬂ —2d?). (3.5)



As mentioned above, the function ¥ must satisfy the following boundary conditions in

the head-on case:
\11‘ — 0, 3.6
. (36)
vl = 1. (3.7)

It is obvious that the bound C is a circle p = pg = const. We hence have a system of two

equations for the two constants A and pg:

2
(g, 20— ph, (2 LA (2 942) =
\/§p<1+2a2>< 2+ In ( >>+2a2A (p2 —24%) =0, (3.8)

2a2+p0 po
1 a?\\?
a2 <2\fpa + 5 <\/_p A)+\/—ppoln<p )) = 1. (3.9)
0

Substituting A from (3.8) in expression (3.3), we obtain

2 2 2 2
p? — pi p P
U(p)=v2p (4L—L0 L (1L V(o). 1
2 fp( p3—2a2+< 2a2> n<p2>> (3.10)

Equation (3.9) defining p can be also written in terms of the initial function F' defining

the shock wave in the plane coordinates,

1

P2
Po

1 F(p ——F 2=0. A1

4(+ ) (o) + g~z o) +2=0 (3.11)

Indeed, normalization condition (2.10) can be written in the form
dv\? v
<—> =4 or — =V(p) =2 (3.12)

We choose the minus sign. Because of relation (3.4) on C, we have

1

Vol =5 (1445 ) oo+ 5Pl (313)

and we obtain (2.10) in the form

1
a —po

This equation is universal for an arbitrary dimension D. To connect with the AdS case,
this equation can be rewritten in terms of the chordal coordinate related to p by

2
—ay——. 3.15
P=a1—, (3.15)

After this change of variable, equation (3.11) becomes

Flg) + ——22 . (3.16)

F'(q0) + ——=—F(qo
1 —2qo 2qo(1 — qo)



We introduce the dimensionless parameter xg = pp/a. Equation (3.9) becomes

flwo) =2 % (3.17)

where |22y
fla)=——5—3 (3.18)
We note that in the region 0 < z < v/2, the function f(x) has the positive minimum
F'@)|emtme =0, Tmin =2— V2. (3.19)
Hence, in the case
n= % < % - f(Zmin) = 4, (3.20)

there are no solutions of (3.17) (see figure 1). Therefore, no solution of the trapped surface
equation can be found below the critical value 1. = 4 of the parameter 7. In terms of the
rescaling energy p = p/G, where G is the gravitational constant, this relation gives (1.1).

It is reasonable to consider two limit cases: where zyp < 1 and p < a (when the par-
ticle energy is low and/or the spacetime is weakly curved; it is natural to call this the
low-energy limit) and where xy and 7 are equal to the critical values (we call this the
high-energy critical limit).

From equation (3.17) in the region zp < 1, we obtain

Ty A ? and  py ~ V2p. (3.21)
And in the critical limit, we obtain
a

p=7 po=(2—V2)a=(8—4V2)p. (3.22)

3.2 Higher-dimension cases

Similar calculations can be performed in higher dimensions. Equation (3.14) has a universal
form and is independent of the dimension D. The variable p for an arbitrary dimension is
related to £ = Zp/a as

1 — p?/2a?
=12 /2a%

As examples, we consider the cases D = 5 and D = 6. The shape functions have the

(3.23)

forms
~ 3V2mps 262 — 1
F5(§) - a \/m

R = 2 (g (128 2022 (32)

where £ = Zp/a and pp = pGp. For these cases, equation (3.14) reduces to

(3.24)

an?;

Ip(xo) =Chp : (3.26)
PD




Figure 1. The critical value of the parameter n = a/p corresponds to the minimum value of the
function f (red line).

where Cp is a D-dependent constant (in particular, C3 = 2/, C5 = 32/37, and Cg = 61/2)
and the functions fp(x) are given by

1E2 D—-2
foa) = ) (3.27)

- xD73(2 _ 562)
These functions have positive minima at the points
V2(-1+D - 2VD—2)

D -3
xmmg, = O, D = 3, (3.29)

, D > 3, (3.28)

Tmin,D =

and the value of the functions fp(z) at these points, fo.p = fp(Zmin,p), give the critical
values of the parameter p below which trapped surfaces can be formed,

p < pcr7D, (3-30)
D—-3
a CD
D, = —_— . 3.31
Per,D GD fO,D ( )

We note that this critical effect does not necessarily exclude the trapped surface in the
region of interacting shock waves W > 0, ¥ > 0.

We can also interpret formula (3.31) to mean that for a fixed value of p, there is a
critical value of the de Sitter radius ag,

1/D-3
Gor = (ﬁGD—> , D> 3, (3.32)



only above which can trapped surfaces be formed. For D = 3, the critical energy is inde-
pendent of a.
In particular, for D = 5 and D = 6, we have

Tpins = —1 + V3, (3.33)

Tmin,6 = ? (3.34)
and

f5(@5,min) = 12V/3, (3.35)

f6(6,min) = 63—2. (3.36)

Hence, the boundary problem can be solved in D = 5 and D = 6 only if the conditions

— > —m/— (3.37)

Ps
a® 128
pe 27 (3.38)

are satisfied. We thus have the same critical effect as in the four-dimensional dS space-time.
The trapped surface can be formed only if the energy of colliding particles is not very high.
Assuming that xo < 1, we obtain

_ 1/(D-3)
Do~ 2 (pG—D) (3.39)

from (3.26).

3.3 Area of the marginally trapped surface below the critical point

Knowing pg, we can calculate the area of the trapped surface:

Atrap = 2 / Vdet gapdV, (3.40)

P<po

where g, is the induced metric on the trapped surface and dV is an elementary volume in
the (D—2)-dimensional flat space. Because the corresponding induced metric in the four-
and five-dimensional space-times has the form (the form is similar in higher dimensions)

Lot _ ! (1)(1)8 (3.41)
gaﬁ_N 1 0 s gaﬁ_N 0o s .

the explicit expression for the area of the trapped surface is

PO

dp=2.VolSD_3/ 27 p0
0

D3

- 2 73 (3.42)

D—-3
.Atrap = 2-Vol S / (1 T p2/2a2)D—2 dp.



In particular,
a’pd
T3
2a° + £o

2 9.2
A° = 4V/2ma? <\/§arctan <§ %) + M) . (3.44)

(2a% + pg)?

At =8 (3.43)

We have
2,2 2
4 ap- 2 p
ALE ~ 87Ta2 +p2 ~ 87Tp (1 — ¥> s (345)
16v/27 3
b A 3y —pd 3.46
Alg 3 Po 27rp5 ( )

in the low-energy limit and
Aby = (4=2V2)ma®, (3.47)

AY, = %(@ —2) (1 — 3v2arctan @) a® (3.48)

at the critical point.

4 Concluding remarks

We have studied the formation of marginally trapped surfaces in head-on collisions of two
shock waves in the dS space-time for D < 3. For D < 4, we found the critical value of of the
shock wave energy dependent on the dS radius, above which the trapped surface equation
has no solution. This critical behavior is similar to that found in [21] and is also reminiscent
of the behavior encountered in numerical simulations of gravitational collapse [23, 24]. For
D = 3, the critical energy above which there is no trapped surface is independent of the
cosmological constant.
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A Geometric view of shock waves in plane coordinates

A single shock wave in the D-dimensional dS space is shown in figure 2.A. The dS space is

represented as a hyperboloid embedded into the (D+1)-dimensional Minkowski space-time.

The presented shock wave is located on the intersection of the hyperboloid and the plane
0 1

' —x =0,

,10,
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Figure 2. A. A single shock wave in the dS space can be represented as the intersection of the hyper-
boloid and the plane 2° —z! = 0 (22 and 22 are suppressed). B. Two shock waves in the dS space. A
collision of two shock waves occurs at #° = 0 and corresponds to the collision of red and yellow balls.

X3 X3 X3

Figure 3. A shock wave in the dS space at different instants of “z° time.”

The coordinates zo and xg are suppressed in this figure.

Two shock waves colliding at w = v = 0 are shown in figure 2.B.

We can also make an animation and draw the position of the single shock wave at
discrete instants. In figure 3, we see that the shock wave is a nonexpanding one.

B Solution of the geodesics equation

B.1 The o-model (n-field) approach

In this section, we derive and solve the null-geodesic equations in the dS space-time with
a nonexpanding shock-wave. We note that applying the embedding theorems [40] requires
a delicate analysis because of the nonsmoothness of the metric with the shock wave.

We use an analytical approach similar to the o-model (n-field) approach and start
from the Lagrangian

oM (r N (7
L= /dT [dTT()GMN(:U(T))d dT( ) _ A (:UM(T)gMNxN(T) - a2) , (B.1)

where M, N =0,...,D, gy is the metric defined the hyperboloid, and Gy (z(7)) is the
metric deformed by the shock wave,

Gun = gun + Fo(u)du®. (B.2)

— 11 —



The Euler equations for this Lagrangian are

d?x™N (1) dz® (1) dx (1)
GuN——— + GunT¥ L — 4+ Niry=0 B.3
MN~—773 MN ir dr TAIMNT (1) ) (B.3)
(T guna™N (1) —a? =0
Using ud(u) = 0, we obtain
GMYN gyt = M, (B.5)
and equations (B.3) and (B.4) reduce to
1
N+ TRpaNel + A2 =0, A=—=(2,& + Dgra™i")e. (B.6)
a

Here and hereafter, (z,y)q = Gunz™y”™. The nonvanishing components of the connection
I‘J]‘V” K are

1 1 , 1
D= —5F8w),  Ti=-3F),  Ti,=-5Fibw). (B.7)

Taking (z,z), = a® and G, @"i” = 0 into account, we obtain

= o (< F + 2P F )6 ()il (B.8)

2a

Substituting this expression in (B.6) and taking (B.7) into account, we obtain

1 .
i = ——5(—F +2'F; I B.
i = =55 (=F +2'Fi)d(u)i’u, (B.9)
Ly _ L P dF s
b — F(S( w)i? — Fid(u)ud’ = 2a2( F+2'F;)o(u)iv, (B.10)
it o L i 22 i
Z 2E,5(u)u = 2a2( F+2'F;)o(u)iuz". (B.11)

Noting that the right-hand side of (B.9) vanishes, we obtain % = 0. Taking 7 = u, we obtain

- %F&’(u) _ Fid(u)it = _T;( F 4 2 F)od(u), (B.12)
i %Eié(u) _ —T;(—F b T F )2 (). (B.13)

We now use the ansatz (by analogy with the case of the shock wave in the Minkowski
space-time [33, 34])

v = vy +viu+ Q(x)0(u) + R(zh)0(u)u, (B.14)
' = zio + Tiu+ xipf(u) + Z(:Ug])G(U) (B.15)
b = vy + Q(x))d(u) + R(x})0(u), (B.16)
' = w1+ Di(x})d(u) + Si(x})0(w), (B.17)
B = Q)8 (u) + R(wf)d(u), (B.18)
it = Di(x))d (u) + Si(a)d(uw). (B.19)

- 12 —



Along the geodesics, we have the identity
() (u) = Fah)o'(u) — Fy(ah)io(u) (B.20)

(a similar identity for the flat space-time case was used in [34]). Transforming our anzatz
in order to cancel 6%(u), we now obtain

v =1+ viu+ Q(x%)@(u) + R(wé)@(u)u,

i | (B.21)
with the bounds
xh = d, (B.22)
vy = xhat, (B.23)
1 .
v = 556212 (B.24)
And hence
1
1 7 1 7 1 2 1 2 ) 2
R = SFa) + 55 (F = 2pFs)vo + S Fj + o5 (57 = (20£5)%), (B.26)
1 1 , .
Si = §F,z + Tﬂ(F — 2\ F ). (B.27)
We can take x¢ = 0 for simplicity. This gives vg = v; = 0, and we have
1
=_-F
@ 2
1 1 ;
R= gF% + @(FQ — (z3F3)?), (B.28)
1 1 . A
Si= 5 Fi+ 53 (F = xgFj)ap.

B.2 Focusing of geodesics

Before deriving the explicit expression for the trapped surface, we study the structure of
geodesic beams in terms of the dependent plane coordinates. We consider points that are
initially on the surface x3, + 3, + 2%, = a® and change to the angular coordinates:

Tog = a - 8in¢ - sinf, T30 = a-sing - cos b, T40 = @ - COS ¢,
1
F =4V2p —2+@ln at T = 4v2p [ =2+ cos pIn 1¥cosd .
a a — T4 1 —coso

It is obvious that the term Si(x%)ﬁ(u)u in formula (B.17) leads to the refraction of the
geodesics. The refraction coefficients are S;(z)). For the refraction coefficients in the
angular parameterization, we have

p sinf p cos

Sp=—V2 S3=—V2=—, 5=
a sin ¢ 2 a

V2p, <M> . (B.29)

asin ¢’ 1 —cos¢
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Figure 4. Focusing of geodesics: in the dependent coordinates, the focal length changes along with
the initial conditions.

The coordinates x9 and x3 correspond to the physical coordinates related to the size of the
beam. Hence, we can easily find the value of the affine parameter u, which determines the
focal point of the beam (the point x9 = z3 = 0):

a . 9
U = —— - sin” ¢.
V2p

The “focal length” is different for each value of the parameter ¢, i.e., for each circular ring
of the beam cross section. This statement is illustrated in figure 4. Of course, this only
roughly explains why the trapped surface can exist. To find a physical meaning for this
consideration, we must change coordinates to independent ones.

C The shock wave in the independent coordinates

C.1 From plane coordinates to independent coordinates

To study the structure of the space-time in terms of the independent four-dimensional
coordinates, it is convenient to use the complex conformal flat coordinates

2au 2av 2a , 9 . 3
por 0= T = (x° +ix”). (C.1)

w =

In these coordinates, the shock wave metric is

—2dw do + 2d¢ dC + 2H(C, C)6(w) dw?
[1— (wo —¢()/2a%]? ’

H(¢, Q) = % (1 - —CC) (%) (C.3)

ds® =

where

and F is given by (2.4). Hence,

e =1 d) (24 5L () o
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C.2 An analogue of the D’Eath and Payne coordinates (from the coordinates
w,o0,( to the coordinates W, %, T)

To eliminate d(u) from the metric, we use a coordinate change analogous to the change
introduced in [45],
w =W,

o=+ H(Y,T)§(W)+WW)HyHx, (C.5)
(=T+WOW)Hg,
where Hy = Oy H(Y,Y). In these coordinates, we obtain the metric

2 _ —2dW dS + 2|dY + WO(W)(HyydY + HyydY)P?
[1— (WS =YY + Wo(W)G)/2a2)2 ’

ds (C.6)

where G = H — YHy — YHy and H(Y,Y) depends on Y, T as H((,() given by (C.3)
depends on ¢, C.
C.3 Geodesics in terms of the independent complex conformal flat coordinates

We have the expressions for geodesics in terms of the dependent coordinates. Using co-
ordinate change (C.1), we obtain an expression for geodesics in terms of the independent
coordinates. In the first order of the parameter u, we obtain

w(u) =wiu+...,

o(u) =00+ o1u+ -+ = ooc + 00a0 (u) + (01c + 0190 (W))u + .. . (C.7)
C(u) = o+ Gru+ - = Coe + Copb(u) + (Cre + Cro0(uw))u+ .. .,
where
2

wy = Txé/a’ (C.8)
. 2’00

00c = 1 —|—$é/a’ (Cg)
_2Q(xp)

009 = 1 —|—$é/a’ (ClO)
_ U1 90_‘11 Vo

010_2<1+x3/a_ . (14’5'33/@)2)’ (C.11)
_ R(xp) Q(f)z] QS*(xp) S*(xg)vo

710 =2 <1 +z5/a a1 + 23/a)? a1 + z¢/a)? a1 —|—xéa)2> ’ (C.12)
 VEa

Coe = Tx‘o‘/a’ (C.13)

Goo = 0, (C.14)
__V2m i V2%

Q= T 00 " 0 A+ adja)? (C.15)

4
Cio = V2SS Vi (C.16)

1+z3/a Ca (1 + z8/a)?’
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where the complex variables S, zg, z; are related to S, x%, 7% by

S = 8% 483, (C.17)

2 = xf + iz, 21 = a3 + ix, (C.18)

We see that there is a discontinuity only for the ¢ variable.

C.4 Geodesics in terms of the independent smooth coordinates

Using relations (C.5) between the initial independent coordinates and the smooth indepen-
dent coordinates, we obtain the expression for geodesics in terms of the smooth independent
coordinates up to the second order:

2

E(w) = (Eoc + 2099(11))) + (Elc + Elge(w))w + 22% + ... s (C.lg)
2
T(w) = Lo+ (Tre+ T1p0(w))w + TQ% T (C.20)
2
T(w) = To + (Tre+ T1o0(w))w + TQ% T (C.21)
where
Yo = 00, (C.22)
Sop = 0, (C.23)
E1c = Olec, (C24)
Y19 = 019 — Hy (Yo, To)T1 — Hy (Yo, Yo) L1 — wiHy (Yo, Yo) Hy (Yo, To), (C.25)
Yo = Coc (C.26)
Yic = ClCa (027)
Yw - Cl@ — le’Y‘(T()? To) (C28)
D Trapped surface equation
In the case of two shock waves, we deal with
ds® = 2gwsdWdY + gyydYdY + 2gr3dYdY + gypydYdY =
~ —2dW dY +2[dY + (Z0(2) + WO(W))(HyydY + HypdY)[? (d.1)

- (WS —TT + (20(%) + Wo(W))G/2a2)]2

Because of the notation symmetry (W <« ), we may analyze only one part of the
trapped surface.
The null geodesics passing through the surface

Y =U(T,T), W =0 (D.2)
can be specified by the tangent vectors (see Subsections C.3 and C.4):

£W = wq, 52 =01, gT = Cla gT = C_-l? (D3)

,16,



where

o1 = —27(9“(12 + 2971111 + 977C)- (D.4)
gwswi
We also suppose that
(£ Ka) =0, a=¢C(, (D.5)
for
KM =(0,-0,,5) (D.6)

(our calculations are very close to those in the review section in [28]). This gives
— gwsdaVwi + ga(” = 0. (D7)

From (D.7), we have
" = wig”gwsndpV, (D.8)

where g“b is the inverse metric for g,;,. Therefore, we have

¢V = wy, (D.9)
& =gy = —%(gff&rwﬂ — 29y VALY + gy Oy UL D), (D.10)
F=¢= %(QTT(?T‘I’ — gr107 V), (D.11)
== %(Qwaﬂ’ — gryor V). (D.12)

For &3 = gunEYN at the point W = 0, we have

Oy Yoy V¥ 1 orV¥ oy VU
SM: - ¥ CRE 3 PR ¥ 90 N2 2 . (D13)
1+7YY/2a?° 1+7YY/2a?" 1+7YY/2¢2" 14+7YY/2a

For the convergence at the surface W = 0,% = —¥((, (), we obtain

0 = hWMNV e, (D.14)
where

WY = KM g Kl (D.15)

and ¢®? is the inverse of the metric induced on the trapped surface,
Gop = KM gun Y = (900977 ) (D.16)

9ry 977

The components of the connection for metric (D.1) in the coordinates XM =

(W,%,Y,Y), M,N =0,1,2,3, are

O N N O N

F%l = —ET, Fb = _;Ta F%2 = _;T’ (D-17)
H N Ox N

F%2 = ;Ta F%Q - = -/T\/' ) F%3 = _—QT_/\/ 5 (D18)
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O N 1 O N
Iy = N T3 —W(BWN — HyyN), s = TN (D.19)
Pil’»?) - Ea F%B = _a’f—j\/a (D20)
N
where
N =[1= (W =TT+ (S6(Z) + Wo(W))G) /2a%]” (D.21)
At the point W = 0, the tensor MY can be represented as
0 0 0 0
1 _ _ _
det(gag) 0 o3V 0 -1
0 oy —1 0
Finally, the equation for the trapped surface can be found by direct calculations:
TT\” 1\ 20-H
1+— ] Oyy+ =5 | ——=———= =0. D.23
<< +2(12> TT+a2> 14+ 7YY /2a? ( )
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